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Abstract
New subsets of symmetric balanced and symmetric correlation immune functions are identiﬁed. The method involves interesting
relations on binomial coefﬁcients and highlights the combinatorial richness of these classes. As a consequence of our constructive
techniques, we improve upon the existing lower bounds on the cardinality of the above sets. We consider higher order correlation
immune functions and show how to construct n-variable, third order correlation immune function for each perfect square n9.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
An interesting subclass of Boolean functions is the set of symmetric functions. The study of balanced symmetric
functions and correlation immune symmetric functions was made by Brüer [1], Mitchell [5] and later byYang and Guo
[10]. Independently, Chor et al. [2] and later Gopalakrishnan et al. [4] studied symmetric functions possessing both
the properties of balancedness and correlation immunity. Following Mitchell [5], we provide deﬁnitions of the relevant
Boolean function properties. We will use ⊕ to denote addition modulo 2.
Deﬁnition 1. Let f (Xn, . . . , X1) be a Boolean function.
C1. Balancedness: The function f is balanced if the number of ones in its output column is equal to the number of
zeros.
C2. Nonafﬁnity: The function f is afﬁne if it can be written as f (Xn, . . . , X1) =⊕i=ni=1aiXi ⊕ b, where ai, b ∈ {0, 1}.
If b = 0, the function f is called linear. The function f is nonafﬁne if it is not afﬁne.
C3. Nondegeneracy: The function f is degenerate on variable Xi if
f (Xn, . . . , Xi+1, Xi = 0, Xi−1, . . . , X1) = f (Xn, . . . , Xi+1, Xi = 1, Xi−1, . . . , X1).
The function f is nondegenerate if it is not degenerate on any variable.
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C4. Correlation immunity: The function f is correlation immune (CI) if for all i ∈ {1, . . . , n},
Prob(f (Xn, . . . , X1) = Xi) = 12
for (Xn, . . . , X1) chosen uniformly at random from the set {0, 1}n.
C5. Symmetry: The function f is symmetric if f (Xn, . . . , X1) is the same for all the vectors (Xn, . . . , X1) of same
weight.
An(i1, . . . , it ) is the set of all n-variable Boolean functions having the properties Ci1, . . . , Cit .
In Sections 4 and 5 we provide construction of new functions in the sets An(1, 2, 3, 5) and An(2, 3, 4, 5), re-
spectively. These are used to improve known lower bounds on the sizes of such sets. Our constructions explain the
“sporadic” examples in An(1, 2, 3, 5) reported by Brüer [1] and Mitchell [5]. In Section 6 we present a method
to construct third-order correlation immune functions and compute the algebraic degree of some of these
functions.
Our technique involves the use of simple binomial coefﬁcient identities (see Propositions 1(1) and 2). We use
these identities to obtain sufﬁcient conditions for symmetric functions to be balanced or correlation immune. The
interplay of binomial coefﬁcient identities and balancedness/correlation immunity of symmetric functions highlights
the combinatorial richness of these classes of functions.
Similar technique using a binomial coefﬁcient identity (see Proposition 1(2)) was earlier used by Gopalakrishnan
et al. in [4] to show that |An(1, 2, 3, 4, 5)|1, for n = t2 − 1 and t2 − 2, where t4 is an even integer. This set-
tled a question raised independently by Chor et al. [2] and Mitchell [5]. In [4], a single function in An(1, 2, 3, 4, 5)
was constructed for the relevant values of n. The functions constructed in [4] are accounted for in our construc-
tions of functions in the sets An(1, 2, 3, 5) and An(2, 3, 4, 5). Theorem 2 accounts for the balanced and CI func-
tions constructed in [4] for n = t2 − 2. Theorem 6 accounts for the CI functions constructed in [4] for n = t2 −
1. For n = t2 − 1, the balancedness property of the functions in [4] is achieved from trivial partitioning (see
Section 4).
2. Preliminaries
Let wt(s) denote the Hamming weight of a binary string s. For a symmetric Boolean function all input vectors with
the same weight have the same output value. Based on this observation, we deﬁne WTS(f ) for a symmetric function f,
in the following manner:
WTS(f ) = {i : wt(Xn . . . X1) = i implies f (Xn, . . . , X1) = 1}.
The weight of a Boolean function f is
wt(f ) = |{(Xn, . . . , X1) : f (Xn, . . . , X1) = 1}|.
If f is symmetric then wt(f ) =∑i∈WTS(f ) (ni ).
Let S be a subset of {0, . . . , n}. Then S uniquely speciﬁes a symmetric function f, with WTS(f ) = S. We will often
use this fact where we specify a symmetric function f by deﬁning WTS(f ). Before proceeding we make another easy
observation. Suppose f is a symmetric degenerate function. Then by symmetry f must be degenerate on all variables
and hence must be one of the two constant functions 0 or 1. Thus any nonconstant symmetric function is necessarily
nondegenerate.
3. Binomial coefﬁcient identities
In this section we prove some binomial coefﬁcient identities. These will be interpreted in terms of symmet-
ric functions in later sections to provide constructions of balanced and correlation immune symmetric
functions.
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Proposition 1. Let n> 0 and 1rn be positive integers. Then































(n − r + 1)!(r − 1)! −
n!
r!(n − r)! =
n!









if and only if 3r = n + 1. This proves the ﬁrst item.
The proof of the second item can be found in [4]. 



































(r − 1)!(n − r + 1)! +
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if and only if (n − 2r − 1)2 = n + 3. 
4. Balancedness
In [1,5], the problemof enumeratingAn(1, 5) is discussed,where a lower bound on the number of balanced symmetric
functions is obtained. A simple way to obtain balanced symmetric functions is provided in [5]. Let f, g be symmetric
functions such that WTS(f ) = {i : i even} and WTS(g) = {i : i odd}. From properties of binomial coefﬁcients both f
and g are balanced. Also these are the two nondegenerate n-variable afﬁne functions.
Further, if n is odd, one can form additional balanced functions in the following way. Since n is odd, for 1 in,
we have that i is odd if and only if n − i is even. Let Pi = {i, n − i}. We form a set S by choosing exactly one element











= 2n−1. Thus the function f such that WTS(f ) = S is balanced. From
the construction it is clear that there are 2(n+1)/2 such possible functions which also includes the two nondegenerate




2(n+1)/2 if n is odd,
2 if n is even.
The inequality is strict when some nontrivial partitioning is found. Brüer [1] tabulates |An(1, 5)| for odd n17 and
obtains |An(1, 5)| = 2(n+1)/2 except for |A13(1, 5)| = 144. Mitchell [5] has also shown that |A8(1, 5)|> 2 and termed
these as “sporadic” examples. We show that these are not sporadic and there exists inﬁnitely many integer values of n
for which we get strict inequality.
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Theorem 1. Let n ≡ 2mod 6. Then it is possible to construct f ∈ An(1, 2, 3, 5). Consequently, |An(1, 5)|> 2.












. Since n is even, both r−1 and n−r+1 have the same parity. Let f be the afﬁne function such
that r ∈ WTS(f ). Then r − 1, n − r + 1 /∈WTS(f ). Deﬁne g such that WTS(g) = (WTS(f )\{r}) ∪ {r − 1, n − r + 1}.
Then g is bothnonafﬁne and balanced. Further, by construction g is nonconstant and hence nondegenerate. Also since
g is symmetric, we have g ∈ An(1, 2, 3, 5). 
Note that Theorem 1 (like most of the other results that follow) speciﬁes only a sufﬁcient condition, namely n ≡
2mod 6, for the construction of certain symmetric functions. Thus one cannot conclude anything if the sufﬁcient
condition does not hold. In particular, using Theorem 1 we cannot conclude that An(1, 2, 3, 5) = ∅ if n /≡ 2mod 6.
Theorem 2. Let n14 be an even integer such that n+ 2 is a perfect square. Then it is possible to construct functions
in An(1, 2, 3, 5). Consequently, |An(1, 5)|> 2.


























.Since n is even, r andn−r have the same parity. Let f be the afﬁne
function such that r, n−r ∈ WTS(f ). Deﬁne functions g and h such thatWTS(g)=(WTS(f )\{r, n−r})∪{r+1, n−r+1}
and WTS(h) = (WTS(f )\{r, n − r}) ∪ {r − 1, n − r − 1}. Then both g and h are nonafﬁne and balanced. 
The function g constructed in the proof of Theorem 2 has been constructed earlier in [4] where it has also been shown
to be CI.
Theorem 3. Let n13 be odd and (n + 3) a perfect square. Then |An(1, 5)|2(n+1)/2 + 2((n+1)/2)−3.
Proof. Since n is odd, there are 2(n+1)/2 ways of obtaining balanced functions using trivial partitioning.We now explain
the second term. Let r be such that (n− 2r − 1)2 = n+ 3. Then r < (n− 1)/2 for n13. Using Proposition 2 we have
















Consider pairs Pi = {i, n − i} where i = r − 1, r, r + 1, r + 2. Form a set S by choosing exactly one element from
each Pi . Deﬁne T = S ∪ {r, n− r, r + 1, n− r − 1}. Since r, n− r both are in T, the set T cannot be obtained by trivial
partitioning. Let f be a symmetric function such that WTS(f ) = T . Then f is both nonafﬁne and balanced.
The number of pairs {i, n − i} such that 0 i(n − 1)/2 is (n + 1)/2. In the construction of S we leave out the
pairs corresponding to i = r − 1, r, r + 1, r + 2. This leaves ((n + 1)/2) − 4 pairs and hence S can be constructed in
2((n+1)/2)−4 ways. This is also the number of ways in which T can be constructed. Further, a function f is balanced if and
only if 1 ⊕ f is balanced. Thus we obtain a total of 2(2((n+1)/2)−4) = 2((n+1)/2)−3 functions which do not correspond
to any trivial partitioning. 
Theorem 1 explains the sporadic examples obtained by Mitchell [5] for n = 8. For n = 13, Theorem 3 provides
|A13(1, 5)|144. In fact, |A13(1, 5)| = 144 as observed by Brüer [1].
5. Correlation immunity
Here we consider the construction problem for the set of symmetric correlation immune functions. The following is
a characterization of correlation immunity for symmetric functions.




















Proof. For i=0, 1, let fi(Xn−1, . . . , X1)=f (Xn=i, Xn−1, . . . , X1). Clearly (1) holds if and only ifwt(f0)=wt(f1).
We now show that f is CI if and only if wt(f0)=wt(f1). If f is CI then the condition is certainly necessary. Conversely
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suppose that wt(f0) = wt(f1). Then it is easy to see that Prob(f (Xn, . . . , X1) = Xn) = 12 . Since f is symmetric, it
immediately follows that for any 1 in, Prob(f (Xn, . . . , X1) = Xi) = 12 . Hence f is CI. 
Corollary 1. Let f and f ′ be such that k, n − k /∈WTS(f ) and WTS(f ′) = WTS(f ) ∪ {k, n − k}. Then f is CI if and
only if f ′ is CI.
A Boolean function f is said to be palindromic if for each n-bit vector (bn, . . . , b1), we have f (bn, . . . , b1)= f (1 ⊕
bn, . . . , 1 ⊕ b1).
Proposition 3. A symmetric function f is palindromic if and only if for each i,WTS(f ) contains either both i and n− i
or none of them.
The importance of Proposition 3 lies in the fact that any palindromic Boolean function is CI [5]. The number of
symmetric palindromic functions is clearly 2	n/2
+1 (see [10, Theorem 8]). Thus it is of interest to ﬁnd nonpalindromic
CI functions. We provide such constructions in this section. Theorem 5 provides a general sufﬁcient condition for the
construction of nonpalindromic functions in An(4, 5). This condition is simpliﬁed by choosing i = 1 and 2 in later
results.















for i1. Then one can construct nonpalin-




















































































































Let f be an n-variable symmetric function such thatWTS(f )={r, r−1, . . . , r−i+1, n−r−1, n−r−2, . . . , n−r−i}.
From Eq. 2 and Theorem 4, it follows that f is CI. Since r ∈ WTS(f ) and n − r /∈WTS(f ), it follows that f is not
palindromic. 
Theorem 6. Let n + 1 be a perfect square and n8. Then |An(2, 3, 4, 5)|2	n/2
+1 + 2(n−1)/2 − 2.
Proof. The ﬁrst term provides the number of palindromic functions. We show that there are at least 2(n−1)/2 non-
palindromic functions. We subtract 2 for the two afﬁne functions.
















n − 1 for n in Proposition 1(2), this is equivalent to (n − 2r − 1)2 = n + 1. Further, the binomial coefﬁcient relation




















. Deﬁne a function f such that WTS(f ) = {r + 1, n − r}.
From Theorem 4 and the binomial coefﬁcient relation it follows that f is CI. Also f is nonpalindromic.
Now consider the pairs of positions {i, n − i} for i = r, r + 1. Using Corollary 1, we can either include both i
and n − i in WTS(f ) or exclude both of them without affecting the CI property. There are (n − 3)/2 such distinct
pairs of positions. Also f is CI if and only if 1 ⊕ f is CI. Thus we can construct 2 × 2(n−3)/2 = 2(n−1)/2 distinct
nonpalindromic functions. 
Theorem 7. Let n + 2 be a perfect square and n14. Then |An(2, 3, 4, 5)|2	n/2
+1 + 2(n−1)/2 − 2.



















. Construct f ∈ An(5) such that WTS(f ) = {r + 2, n − r}. From Theorem 4
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Table 1
Exact enumeration of An(4, 5)
n 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33
|An(4, 5)| 6 8 10 20 26 48 42 64 66 144 178 452 428 576 514 1072 1442 2864 2534 4608 6402 12448 9350 16648 16522 32768 36866 82496 77186 132352 148170
and the binomial coefﬁcient relation it follows that f is CI. Also f is nonpalindromic. Similar to Theorem 6 we can get
2 × 2(n−3)/2 = 2(n−1)/2 distinct nonpalindromic functions. 
Theorem 8. Let n + 3 be a perfect square and n13. Then |An(2, 3, 4, 5)|2	n/2
+1 + 2(n−5)/2 − 2.




































































































































We construct f such that r + 2, r + 1, n − r + 1, n − r ∈ WTS(f ) and r + 1, r, n − r, n − r − 1 /∈WTS(f ). From
Theorem 4 and Eq. (3) it follows that f is CI. Using Corollary 1, we can either include both the elements i, n − i
(i = r − 1, r, r + 1, r + 2) or exclude both of them from WTS(f ) without affecting the CI property. Also f is CI if and
only if 1 ⊕ f is CI. This gives a total of 2 × 2(n−7)/2 = 2(n−5)/2 distinct nonpalindromic functions. 
The following result can be proved in the same way as Theorem 5.















for i1.Then there exists nonpalindromic
f ∈ An(4, 5).















. This does not provide a simple relation involving n
and r. However, running Mathematica [9] software, we could obtain two solutions (n = 8, r = 5) and (n = 20, r = 6).
In Table 1, we provide exact values of |An(4, 5)| for 3n33. The values are obtained by running a computer
program. Note that the bounds described in Theorems 6–8 are close to the actual number mentioned in Table 1 for
n= 22, 23, 24. In fact, for n= 22, using Theorem 8, we get the value 4606, which added with the two linear functions
provides the exact count 4608. For n = 23, using Theorem 7, the value is 6142 + 2 compared to the exact value 6402.
For n = 24, using Theorem 6, the value is 12286 + 2 compared to the exact value 12448.
It is interesting to note that |An(4, 5)| = 2	n/2
+1 + 2(nmod 2) for n = 4, 5, 10, 11, 17, 28. However, n does not
appear to follow any obvious pattern for this exact equality condition.
6. Higher order correlation immunity
The class of correlation immune functions was introduced by Siegenthaler [7]. In the introduction we mentioned
only the special case of ﬁrst order CI functions as considered in Mitchell [5]. In this section we consider the general
class of CI functions and present new constructions of third order CI functions.
Deﬁnition 2. A Boolean function f (Xn, . . . , X1) is said to be correlation immune of order m (m-CI for short), if
Prob(f (Xn, . . . , X1) = 1|Yt = ct , . . . , Y1 = c1) = Prob(f (Xn, . . . , X1) = 1),
where the variables Yt , . . . , Y1 are chosen from {Xn, . . . , X1}, ct , . . . , c1 ∈ {0, 1} and 1 tm.
A balanced m-CI function is called m-resilient.
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Construction of 1- and 2-resilient symmetric functions were presented in [4]. In Section 5, we presented new
constructions of 1-CI symmetric functions. Here we present a new construction of 3-CI functions.
Stinson [8] presented a characterization of correlation immune functions in terms of orthogonal arrays. Let f be a
Boolean function (not necessarily symmetric) with wt(f ) = k. Let M be a k × n matrix such that for each row r of
M, we have f (r) = 1. Then f is m-CI if and only if the following condition holds. If we choose any m columns of
M, then each of the 2m distinct m tuples occurs the same number of times in these columns. A consequence of this
characterization and also of [6, Theorem 3.1] is the following result.
Theorem 10. A symmetric function f (Xn, . . . , X1) is m-CI if and only if for each 1 tm, wt(f0)=· · ·=wt(f2t−1)
where for 0k2t − 1,
fk(Xn−t , . . . , X1) = f (Xn = kt , . . . , Xn−t+1 = k1, Xn−t , . . . , X1),
and kt , . . . , k1 is the t-bit binary representation of k.
For 0k2t − 1, by wt(k) we will denote the weight of the t-bit binary representation of k.
Lemma 1. Let f be an n-variable symmetric function and 1 tn − 1. Deﬁne fk(Xn−t , . . . , X1) as in Theorem 10.
Then
WTS(fk) = {i − wt(k) : i ∈ WTS(f ), 0 i − wt(k)n − t}.
Proof. The proof is by induction on t. For t=1, the functions f0 and f1 are obtained. It is easy to see thatWTS(f0)={i :
i ∈ WTS(f ), in − 1} and WTS(f1) = {i − 1 : i ∈ WTS(f ), i > 0}.
Suppose the result holds for some t − 1. We show this implies that the result holds for t. Let kt−1 . . . k1 be a
(t −1)-bit string representing an integer k. Let j and l be integers which are respectively represented by 0kt−1 . . . k1 and
1kt−1 . . . k1. Then wt(j)=wt(k)=wt(l)−1. We haveWTS(fj )={i : i ∈ WTS(fk), in− t} andWTS(fl)={i −1 :
i ∈ WTS(fk), i > 0}. By the induction hypothesis we have WTS(fk) = {i − wt(k) : i ∈ WTS(f ), 0 in − t + 1}.
Combining the above two statements we complete the induction step and the proof. 
Lemma 2. Let f (Xn, . . . , X1) be a symmetric function with WTS(f ) = {r, n − r}. For 0k2t − 1, deﬁne fk as in
Theorem 10. For 0 i, j2t − 1, if wt(i) + wt(j) = t , then wt(fi) = wt(fj ).





























= wt(fj ). 
We use Theorem 10 and Lemma 2 to obtain the following result on 3-CI functions.
Theorem 11. Let n and r be such that (n−2r)2=n.Then the n-variable symmetric function f havingWTS(f )={r, n−r}
is 3-CI.
Proof. Let f0, . . . , f7 be deﬁned from f as inTheorem 10. FromTheorem 10 it is enough to showwt(f0)=· · ·=wt(f7).

















n − r − 1
)
. (4)
Substituting n − 3 for n and r − 2 for r in (1 ⇐⇒ 2) of Proposition 2 we get that (n − 2r)2 = n is equivalent to (4).
By hypothesis, n and r satisfy (n − 2r)2 = n. Hence we get the result. 
Siegenthaler [7] showed that the maximum possible degree of an n-variable, m-resilient function is n − m. Next we
compute the degrees of the functions described in Theorem 11 (Tables 2 and 3).
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Table 2
Algebraic degree of some functions described in Theorem 11
n 9 16 25 36 49 64 81 100 121
Deg 6 11 14 29 30 55 62 61 118
Table 3
Examples of 3-CI functions not covered by Theorem 11
n WTS(f )
8 2, 3, 5, 6
10 1, 3, 4, 6, 7, 9
14 2, 3, 5, 6, 8, 9, 11, 12
15 5, 6, 9, 10
3, 6, 9, 12
16 1, 3, 5, 6, 7, 8, 9, 10, 11, 13, 14
1, 3, 4, 7, 9, 12, 13, 15
1, 3, 4, 6, 7, 9, 10, 12, 13, 15
The maximum degree is obtained only for n = 9, 121. In fact, we were unable to ﬁnd any other n, such that the
function of Theorem 11 has degree n − 3. Also it is interesting to note that the degree of the function for n = 100 is
less than the degree of the function for n = 81. Though this is a rare phenomenon, this also happens for other values
of n. A good explanation of the behaviour of the degree seems elusive.
If a function f is m-CI, then a function g obtained by setting any input of f to constant is (m−1)-CI. Thus Theorem 11
also shows the existence of 2-CI functions. Earlier existence of 2-resilient functions were shown in [4]. In our computer
experiments we did not ﬁnd any 4-CI function for 6n20. Further all the 3-CI functions obtained were palindromic.
We give a few examples of 3-CI functions not covered by Theorem 11.
Some of the examples can perhaps be explained along the lines of Theorem 11. These form tasks of future research
problems.
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